where Uk [ {0, 1}, ∀k ¼ 1, . . . , K. Uk takes value 0 if the kth component
is removed, otherwise Uk ¼ 1. Tv and TU are Lagrange multipliers. Hv
and HU are Shannon entropy and binary entropy, respectively, given by
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A deterministic annealing (DA)-based expectation-maximisation (EM)
algorithm is proposed for robust learning of Gaussian mixture models.
By combing the DA approach, trimmed likelihood function and
Bayesian information criterion (BIC), the proposed algorithm can
simultaneously perform model selection and outlier detection, and mitigate the problems of local optima and boundary of parameter space
with the conventional EM algorithm. Experiments demonstrate that
the proposed algorithm can determine the number of components
correctly even though the data are contaminated by outliers.

Introduction: A general approach to parameter estimation of Gaussian
mixture models (GMMs) is to iteratively calculate the maximum likelihood (ML) solution via the expectation-maximisation (EM) algorithm.
However, the ML estimate calculated by the conventional EM algorithm
for GMMs suffers from three problems. First, it may converge to local
maxima of the log-likelihood function, or the boundary of parameter
space. Secondly, the model order has to be assumed known beforehand,
otherwise the estimation result may be poor. Unfortunately, this prior
knowledge is not always available in many applications. The third
problem is its sensitivity to outliers, which usually exist in practice
owing to factors such as background noise or measurement inaccuracies.
In this Letter, a robust deterministic annealing EM algorithm
(RDAEM) is presented, where the mixture models are learned based
on maximum trimmed likelihood (MTL) [1] and Bayesian i nformation
criterion [2, 3], with the top-down learning process controlled by the
annealing approach [4]. As a result, the proposed method is less sensitive to local optima, avoids the boundary of parameter space, and can
simultaneously perform model selection and outlier detection.
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where N is the number of samples, K is the number of Gaussian components and d is the dimension of samples. Q ; {p1 , . . . ,pK , m1 , . . .,
mk , S1 , . . ., Sk}. pk , mk , Sk , are the mixing coefﬁcient, mean and covariance of kth Gaussian component, respectively.
Several model selection criteria have been proposed to estimate the
number of Gaussian components. One of them is BIC, which is given by
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1. Initialise the parameter set Q of the mixture models, scaling
factors av , aU , Tvmin , TUmin and Tvmax , TUmax. Tv ¼ Tvmax , TU ¼
TUmax , t ¼ 0.
2. Repeat
Repeat
t ¼ t+1
E-step: Calculate posterior probability using current parameters
p(k|xn ) =

FRDAEM (Q, v, y) =
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M-step: update parameter set Q using current posterior
probability
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Update v and y
Until a stop criterion is met
Tv ¼ avTv , TU ¼ aUTU
Until Tv , Tvmin and TU , TUmin
3. Return Q, v, y
The parameter set v is calculated as the solution of the following
objective function minimisation:
⎧
⎫
⎨ FRDAEM (Q, v, y)
⎬
N

vn = arg min
(9)
vn ⎩ s.t.
vn = M , vn [ [0, 1] ⎭
n=1

This is a bound-constrained convex optimisation which can be solved by
some standard optimisation tools (e.g. cvx [5]).
The parameter set y is calculated by computing the solution of
J
Nk
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+ Vk TU log
=0
2
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(10)

where Nk is given by
Nk =

N
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Uk log M
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where vn [ {0, 1}∀n¼ 1, . . . , N, and n¼1vn ¼ M. vn takes the value
0 if the sample xn is considered as an outlier. Otherwise, vn ¼ 1. In
other words, a subset of size M out of N original samples will be selected
to maximise trimmed likelihood function.
To simultaneously perform model selection and outlier detection, we
combine the cost functions (2) and (3), and let the parameter estimation
be controlled by the DA approach. This leads to the following cost function

(5)
(Uk log Uk + (1 − Uk ) log(1 − Uk ))

To maximise (4), we modify the EM algorithm and the RDAEM
algorithm for GMMs is described as follows:

k=1

where J is the number of free parameters specifying each component.
To estimate GMMs in a robust way, one approach is to calculate the
MTL solution, which is given by

K


k=1

Proposed RDAEM algorithm: A general approach to parameter
estimation of GMMs is the EM algorithm, which iteratively calculates
the ML solution given by
FML (Q) =

vn log vn and HU

n=1

N V W p p(x |u )

k n k
n k
N
n=1 
Vj pj p(xn |uj )

(11)

j=1

Experiments: We have applied the algorithm to a synthetic data set, and
the learning process is demonstrated in Fig. 1. The data set consists of
1000 samples generated from eight Gaussians with equal mixing coefﬁcients. In addition, 300 samples are added from a uniform distribution.
The colour of each sample indicates the value of weight vn [ [0, 1]:
a sample is in cyan if vn ¼ 0 (i.e. it is identiﬁed as an outlier) or in
magenta if vn ¼ 1 (i.e. it is identiﬁed as a typical sample). The parameters are set as av ¼ aU ¼ 0.9, Tv ¼ TU ¼ T, Tmax ¼ 100, Tmin ¼
0.01. During the learning process, the singular components (Fig. 1b,
Fig. 1d) and the overlapped components (Fig. 1d, Fig. 1f) can be annihilated (Fig. 1c, Fig. 1e, Fig. 1g), indicating that RDAEM can escape the
boundary of parameter space and local optima. In addition, the smooth
change of the samples colours illustrates that the outliers are detected
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and removed. Finally, RDAEM can successfully perform model selection and outlier detection.
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Therefore, it is necessary to prune some samples to achieve more reliable
results. The data set used is the data set IV in BCI competition II [7],
which consists of 316 training samples and 100 testing samples. We
prune 5%, 10%, 15% training samples and ﬁt each class using
RDAEM. We repeat the experiments 50 times and the average classiﬁcation accuracies are shown in Table 1. It can been seen that, after
sample pruning, the classiﬁcation accuracy is improved.

0.25

Table 1: Average accuracies of different algorithms for EEG signal
classiﬁcation

0

a
T=59.049

b
k=19

T = 59.049

d
T=9.8477

c
k=18

T =12.1577

e
k=14

T = 4.239

k =15

f
k =11

T =0.0094

Algorithms
DAMS

Accuracies (%)
78.1 + 3.5

MML-EM
RDAEM (5%)
RDAEM (10%)
RDAEM (15%)

79.2 + 2.7
82.7 + 3.8
83.5 + 3.3
81.9 + 2.1

k =8

Conclusion: The RDAEM algorithm is proposed to simultaneously deal
with three problems including boundary of parameter space, local optima,
model selection and outlier detection. The experimental results demonstrate that RDAEM achieves more reliable results than standard algorithms, especially when the data are contaminated by noise.
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Fig. 2 Percentages of correctly identiﬁed numbers of components by
RDAEM, DAMS and MML-EM

To demonstrate the negative effects of outliers, we have also compared the proposed method with other two well-known model selection
algorithms: the deterministic annealing based model selection (DAMS)
[3] and the minimum message length (MML) based EM algorithm
(MML-EM) [6]. We repeat the example in Fig. 1 100 times at different
noise levels, and the performances in terms of percentages of correctly
identiﬁed number of components are shown in Fig. 2. Owing to the
background noise, the performances of MML-EM and DAMS are
degraded dramatically, and thus their learning results are unreliable.
However, RDAEM achieves robust results.
Finally, we have applied RDAEM to the electroencephalography
(EEG) signal classiﬁcation task. Noise is ubiquitous in EEG signals
owing to factors such as the muscle and eye blink artefacts, measurement
inaccuracies, and physiological variations in background EEG.
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