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Abstract—The reduction of the muscle and electrode motion
artifacts in ECG using the adaptive Fourier decomposition (AFD)
is investigated. This is an extension of our previous work, in which
AFD is ﬁrst proposed for ECG denoising and its effectiveness in
ﬁltering out the additive Gaussian white noise is tested. This
paper studies the AFD-based ECG denoising method for two
types of ECG noise due to the electrode movement and the muscle
contraction which are common and important in practice. In
addition, some rules on the selection and adjustment of the AFD
decomposition level are proposed. The tests on the MIT-BIH
Arrhythmia Database indicate that this AFD-based denoising
scheme performs better than the Butterworth lowpass ﬁlter,
the wavelet transform and the empirical mode decomposition
methods for ECG denoising with the muscle movement and
electrode motion artifacts.
Index Terms—ECG signal denoising, adaptive Fourier decomposition, muscle artifact, electrode motion artifact

I. I NTRODUCTION
The electrocardiogram (ECG) signal is the electrical interpretation of the heart activity. Usually, the ECG signal is weak
and buried in noises, due to the electrode motion and muscle
contraction for instance, which are very difﬁcult to be ﬁltered
out from the ECG signals. Therefore, it is necessary to have
a suitable denoising method for real ECG noise reduction.
Until now, some linear and nonlinear denoising methods of the
ECG signals have been proposed. Linear denoising methods
are traditional methods of the ECG denoising. However, since
the frequency spectrums of the noise and ECG signals usually
overlap each other, linear denoising methods based on the
frequency analysis may damage original ECG signals. Furthermore, ECG signals are often non-stationary and thus linear
denoising methods may not be suitable and effective. To overcome these disadvantages, several nonlinear approaches were
reported. Among them, the wavelet-based methods are widely
used since they are suitable for the denoising of the Gaussian
noise [1–5]. However, there are two signiﬁcant problems of
this type of methods. First, the ﬁltered results of waveletbased methods depend on the choice of the mother wavelets.
Finding a suitable mother wavelet that can always provide
good ﬁltered results is difﬁcult. Second, the wavelet transform
may lead to oscillations in the reconstructed ECG signals or
the amplitude decreases of the ECG waveforms [5]. In order to
solve these two problems, the ECG denoising method based on
the empirical mode decomposition (EMD) is proposed [6, 7].
The main technique of the denoising method based on the
EMD is to decompose the noisy signal into some intrinsic

978-1-4799-3840-7/14/$31.00 ©2014 IEEE

mode functions (IMFs), then remove the IMFs containing most
noise and ﬁnally reconstruct the signal with remaining IMFs.
Since the decomposition is based on the local characteristics
of the data, the basis function of the EMD can be derived
automatically. In addition, the EMD has good localization
properties [8]. Therefore, the oscillation problem does not
exist in its reconstructed signals. However, this method does
not have an explicit mathematical explanation. In practice,
it is difﬁcult to understand and interpret its decomposition
results. Moreover, in some cases, analytic phase functions
of IMFs are not monotone [9]. In other words, a physically
meaningful analytic instantaneous frequency of IMFs cannot
be deﬁned in generally. In addition, IMFs may have negative
phase derivatives in practice, which will affect the analysis of
the decomposition results based on the EMD and the threshold
judgment [8].
To overcome these disadvantages of the wavelet transform
and the EMD, a novel signal decomposition method called
adaptive Fourier decomposition (AFD) was introduced by
Qian et al [10, 11]. The AFD is based on the sequential
extraction of energy starting from the high-energy mode to the
low-energy mode. The total summation of mono-components
matches the original signal, thus ensuring the completeness of
the original signal. The AFD presents three major advantages
when compared to the wavelet transform and the EMD: the
basis functions are ﬁxed to the signal automatically; all decomposition results are mono-components whose analytic phase
derivatives are non-negative; it has a rigorous mathematical
foundation [10]. However, the most difﬁcult problem of the
AFD is how to ﬁnd the suitable decomposition level to ﬁlter
out the noise and retain the original ECG signal. In our previous work [12], a judgment based on the estimated signal-tonoise ratio (SNR) of the noisy ECG signals is proposed to stop
the recursive AFD process when enough mono-components
have been obtained. In addition, the effectiveness of the AFDbased denoising method for the reduction of the additive
Gaussian white noise was shown through the tests on the MITBIH Arrhythmia Database. For the ECG denoising, it is not
enough by only considering such a simple and ideal case.
In this paper, we use the AFD with the estimated-SNRbased judgment to ﬁlter out noises caused by the muscle
contraction and the electrode motion, which is more realistic
to show that the proposed AFD-based denoising method is a
promising tool for the ECG signal denoising. Moreover, some
rules about how to choose and adjust the decomposition level
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to get the optimal denoising results are introduced.
II. A DAPTIVE F OURIER D ECOMPOSITION
The AFD involves the adaptive decomposition of a
given signal G(t) that is in H 2 (∂ D) space where D =
{z ∈ C : |z| < 1} and C is the complex plane into a series
of mono-components. After the AFD, G(t) is decomposed
into a summation of a series of mono-components sn (t)’s
and a standard remainder RN (t) shown in (1). In practice,
most real signals s(t)’s are in L2 (∂ D) space. According to
the relationship shown in (2) where f and f + are signals in
L2 (∂ D) space and H 2 (∂ D) space, it is possible to reconstruct
the real signal s(t) by only using G(t).
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∞

N

∞
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The AFD use the rational orthogonal system, or the
Takenaka-Malmquist system, {Bn }∞
n=1 , as its basis functions
where

1 − |an |2 n−1 e jt − ak
jt
Bn (e ) =
(3)
∏ 1 − ak e jt ,
1 − an e jt k=1
an ∈ D, n = 1, 2, · · · [11]. For Bn (e jt ), there are two points that
e jt −ak
should be noted. First, in (3), 1−a
jt is a complex number. In
ke
addition, its amplitude is equal to 1 for any e jt . Therefore,
Bn (e jt ) can be represented as [13]
Bn (e jt ) = ρn (t)e jφn (t) .

(4)

Second, characteristics of Bn (e jt ) are related with an . As we
have mentioned, to make sure that all decomposition results
have physically meaningful phase derivatives, decomposition
results of the AFD should be in H 2 (∂ D) space. This goal
can be achieved by ﬁnding a suitable array {a1 , a2 , · · · , an } to
make sure that φn (t) in (4) is always positive. To increase the
speed of convergency, the array {a1 , a2 , · · · , an } also needs to
keep standard remainders RN (t)’s minimum for every steps.
The main purpose of the AFD is to ﬁnd such kind of array
{a1 , a2 , · · · , an } that is able to achieve these two goals.
In the algorithm of the AFD, all mono-components are
found one by one in the energy point of view. The AFD
extracts mono-components from the high-energy mode to the
low-energy mode sequentially. To ﬁnd energy relationship
easily, reduced remainders Gn ’s are deﬁned by using their
corresponding standard remainders Rn−1 ’s [10]:
1 − al e jt
.
jt
l=1 e − al

n−1

Gn (e jt ) = Rn−1 (e jt ) ∏

(5)

Then (1) can be expressed by using reduced remainders Gn ’s:
G(t) =

N
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B
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e
(e
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(e
)
n
n
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∑
∏ 1 − an e jt
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n=1
N

(6)

where e{an } (e jt ) is called the evaluator at an which can be
considered as a dictionary consisting of elementary functions
[11]:

1 − |an |2
e{an } (e jt ) =
.
(7)
1 − an e jt
According to (6), the energy of G(t) can be calculated by [10]
G(t)2 =

N

2

2 
Gn , e{an }  + GN+1 (e jt ) .

∑

(8)

n=1

2

To make the energy of the standard remainder GN+1 (e jt )
minimum, the maximal projection principle shown
 in (9)is2
used to ﬁnd an which can produce the largest  Gn , e{an } 
for every step n [10]. After getting the array {a1 , a2 , · · · , an },
the main part of the AFD has been ﬁnished.

2
an = arg max  Gn , e{an }  : an ∈ D
(9)
From the algorithm, we can see that there is a very large
difference between the AFD and traditional decomposition
methods. The AFD decomposes signals according to their
energy distribution, making the AFD suitable for separating
two parts whose frequency ranges overlap each other.
III. AFD- BASED D ENOISING P ROCESS
If the noise is not related with the original ECG signals, the
noisy signal can be expressed by
fnoise (t) = f (t) + n(t)

(10)

where f (t) and n(t) are the pure signal and noise respectively,
which is very similar with (1). The main technique of the
AFD-based denoising process is to stop the recursive AFD
process at a suitable decomposition level and reconstruct the
ﬁltered result using obtained mono-components [12]. At such
suitable decomposition, the standard remainder contains most
noise. Then the summation of the ﬁrst N mono-components
can be used to approximate the original pure signal. The
approximation of the original signal can be expressed by

  
sr (t) = 2 Re G̃ − G1 , e{a1 }
(11)
where
G̃(t) =

N

∑



Gn , e{an } Bn (e jt ).

(12)

n=1

To ﬁnd the suitable decomposition level N, a judgment is
deﬁned based on the estimated SNR of the noisy signal. Since
all decomposition components are from high-energy mode to
low-energy mode, the judgment of the AFD can be deﬁned by
s(t)2
1


2 
2 ≤ 1 + SNRe /10 (13)
N 



10
2 ∑n=1 Gn , e{an } − G1 , e{a1 }
where SNRe is the estimated SNR of the noisy signal shown
in decibel [12]. The recursive AFD process should be stopped
once this judgment is reached. If the decomposition is continued, more noise will be included into the ﬁltered result. If
the decomposition process is stopped before (13) is reached,
more energy of the original signal will be lost from the ﬁltered
result. The whole denoising process is shown in Alg. 1 [12].

1457

Amplitude

200
100
0
−100
500

1000
1500
Samples

2000

2500

(a) Original clean artifact ECG signal.
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IV. R EAL N OISE S IMULATION AND D ISCUSSION
Simulations are carried out in the MATLAB environment
using two types of ECG signals: artifact and real ECG signals.
A combination of two types of real noise is added into these
ECG signals. The artifact ECG signal is used to verify the
denoising principle shown in section III, while some real ECG
signals from the MIT-BIH Arrhythmia Database [14, 15] are
used to compare ﬁltered results using the AFD with the ones
using the Butterworth lowepass ﬁlter, the wavelet transform
and the EMD. The main AFD program is provided by Qian
et al. [16].

SNR0 =

L−1 2
L−1 2
x (t)
x (t)
∑t=0
∑t=0
=
.
2
2
L−1
L−1
∑t=0 [k1 nma (t)]
∑t=0 [k1 nem (t)]

(15)
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A. Artifact ECG signal
The noise combination method is same as [17]. Two real
noise records are taken from the MIT-BIH noise stress test
database [15, 18], the muscle artifact “ma” record and the
electrode motion “em” record. The baseline wander (BW) in
each record is eliminated by lowpass ﬁltering. The total noise
is
n(t) = k1 nma (t) + k2 nem (t)
(14)
where nma (t) and nem (t) are the “ma” and “em” BW free noise
records, respectively [17]. Moreover, k1 and k2 are chosen to
contribute with the same SNR0 [17]:
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(d) Total noise at 14.88dB used to corrupt the original signal.
Fig. 1. Set of signals for the artifact ECG signal’s simulation.

Fig. 1 shows the set of signals involved in this simulation
of the artifact ECG signal. In Fig. 1(a), The ﬁrst 2560 samples
artifact ECG signal that is generated by a synthetic ECG
generator is depicted. Detail of this model can be found in
[19]. The sampling frequency is 256Hz. The heart rate is 60

1458

400

150

Amplitude

Amplitude

200

100
50

200

0

0
−50

−200
500

1000
1500
Samples

2000

2500

500

400
Original signal
Filtered result

Amplitude

Amplitude

2500

Fig. 5. Record 103 signal with real noise that makes the SNR 14dB.

Fig. 2. Noisy ECG model signal with 14.88dB SNR.
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Fig. 6. Original 103 signal and reconstructed ﬁltered result.

Fig. 3. Original ECG model signal and ﬁltered result.
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Fig. 4. Energy ratio of the noisy signal to the reconstructed ECG signal and
SNR of the reconstructed ECG signal for different N.

beats per minutes. The noisy signal is obtained by adding the
noise in Fig. 1(d) attaining an SNR of 14.88dB. The noise
signal is obtained as the summation of “ma” noise and “em”
noise in Fig. 1(b) and Fig. 1(c), respectively, at an SNR of
18dB in both cases. The noisy signal is shown in Fig. 2. After
the AFD-based denoising method, the reconstructed ﬁltered
result can be obtained. Fig. 3 shows the reconstructed ECG
signal with ﬁrst 65 mono-components (N = 65) against the
original clean ECG signal. Comparing these two signals shown
in Fig. 3, it can be seen that the reconstructed signal almost
reproduces the original ECG signal. In addition, the SNR
of the reconstructed signal is increased to 17.54dB, which
represents the improvement of 2.66dB to the noisy signal.
In Fig. 4, the cross symbol and circle symbol show the

energy ratios of the energy of the noisy signals to the energy
of the reconstructed ﬁltered results and SNRs of reconstructed
ﬁltered results for different decomposition level N respectively. The horizontal dashed line shows the ideal energy
1
ratio 1 + 1014.88/10
= 1.03. The vertical dashed line shows the
optimal decomposition level N = 65 at which the SNR of the
ﬁltered result is maximum. According to Fig. 4, when the
decomposition level increases, the energy ratio will decrease.
In addition, the absolute value of the slope of the energy ratio
will also decrease. At N = 65, it is the ﬁrst time that the
energy ratio is smaller than the ideal energy ratio. At the same
time, the SNR of the ﬁltered result also gets its maximum
point. These observations validate the denoising principle of
the AFD-based denoising method. Moreover, It shows that the
AFD-based denoising method and the estimated-SNR-based
judgment are able to be used to do real ECG noise reduction.
B. Real ECG signals
To evaluate the proposed denoising method, real ECG
signals from the MIT-BIH Arrhythmia Database with the
combination of real noise shown in Section IV-A are used to
do the simulations. Fig. 5 shows the noisy record 103 signal
with the combination of real noise that makes SNR 14dB.
After using the proposed AFD-based denoising method, the
ﬁltered result shown in Fig. 6 can be obtained. Comparing
the original record 103 signal and the ﬁltered result shown in
Fig. 6, the ﬁltered result almost reproduces the original ECG
signal. The AFD-based denoising method is able to improve
the SNR of the noisy ECG signal.
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TABLE I
P ERFORMANCE (SNR)
Record
No.
100
103
105
119
213

SNRemd
11.40
9.85
9.62
11.45
8.87

COMPARISON BETWEEN FILTERED RESULTS BASED ON THE

SNR = 6dB
SNRbutt
SNRwt
5.22
6.14
3.58
6.15
5.53
6.14
6.48
6.14
4.45
6.13

SNRAFD
9.55
10.34
10.88
10.81
7.96

SNRemd
13.95
12.90
11.94
14.71
11.89

SNR = 10dB
SNRbutt
SNRwt
7.33
10.15
4.92
10.16
7.89
10.14
9.63
10.14
10.14
10.13

EMD, THE WAVELET TRANSFORM AND THE AFD
SNRAFD
13.44
13.43
12.76
14.75
12.00

SNRemd
16.75
15.70
14.54
17.29
14.74

SNR = 14dB
SNRbutt
SNRwt
8.58
14.17
5.59
14.18
9.37
14.13
12.03
14.15
7.06
14.13

SNRAFD
16.41
16.37
16.28
17.81
14.74

TABLE II
P ERFORMANCE (SNR)
Record
No.
100
103
105
119
213

SNRse
9.55
10.34
10.88
10.81
7.96

SNR = 6dB
SNRop
SNRdiff
10.12
0.57
11.20
0.86
10.89
0.01
11.44
0.63
8.82
0.86

UNDER DIFFERENT DECOMPOSITION LEVEL

SNRse
13.44
13.43
12.76
14.75
12.00

To show the effectiveness of the AFD-based denoising
method for real ECG noise reduction, three other denoising
methods are used to compare with this AFD-based denoising
method. These three methods are based on the Butterworth
lowpass ﬁlter, the wavelet decomposition and the EMD. Their
results are from [17]. In [17], 5 records’ real ECG signals
from the MIT-BIH Arrhythmia Database with the combination
of real noise that makes SNR 6dB, 10dB and 14dB are used.
We use the same records’ signals and add the same type of
noise to do this simulation. The comparing results are shown
in TABLE I where SNRemd , SNRbutt , SNRwt and SNRAFD
denote the SNRs of the ﬁltered results based on the EMD, the
Butterworth lowpass ﬁlter, the wavelet transform and the AFD,
respectively. It shows that the AFD-based denoising method
almost performs better than the denoising method based on
the EMD and the wavelet transform.

SNR = 10dB
SNRop
SNRdiff
13.56
0.12
13.75
0.32
13.16
0.40
14.77
0.02
12.69
0.69

SNRse
16.41
16.37
16.28
17.81
14.74

N

SNR = 14dB
SNRop
SNRdiff
16.99
0.58
17.08
0.71
16.93
0.65
18.05
0.24
15.67
0.93

If we want to get optimal results, sometimes we still need
to adjust the decomposition level after the proposed denoising
process. From simulation results shown in section IV, some
basic rules about choosing and adjusting the threshold of the
AFD can be found. First, since the AFD is a kind of decompositions that is based on the energy. If the energy of noise is
larger than the original signal, most of the reconstructed signal
by using ﬁrst several mono-components of the AFD will not
be the original signal but the noise. In other words, it is not
suitable for noisy signals whose SNRs are smaller than 0dB
to use the proposed denoising method. Second, according to
(1) and the relationship between decomposition level N and
the energy of the standard remainder shown in (16) where M
is deﬁned by ∑∞
k=1 |ck | ≤ M [13], the relationship between the
energy of the N-th mono-component and the threshold N can
be found as

C. Discussion

sN (t)2 ≤ M 2

Normally, the estimated-SNR-based judgment of the AFDbased denoising process provides the optimal decomposition
level N. In simulations of real ECG signals, sometimes, the
optimal decomposition level N and the provided N are not
the same. According to the relationship between the energy
ratio and the decomposition level N shown in Fig. 4, if the
optimal decomposition level N and the provided N are large
enough, and their difference is not very large, the performance
of ﬁltered results of these two cases should be almost same.
The comparison of ﬁltered performances between optimal N
and provided N using 15 cases in section IV-B is shown in
TABLE II where SNRse , SNRop and SNRdiff denotes the SNRs
of ﬁltered results of the selected N and the optimal N and the
difference between SNRse and SNRop , respectively. It shows
that the difference between the performances of the selected
N and the optimal N is not very large. The ﬁltered results of
the selected decomposition level N are accepted.
M
|RN | ≤ √
N

(16)

1
1
.
−
N N +1

(17)

It shows that the energy of the N-th mono-component will
decrease if the threshold N increases. The proposed decomposition method can be seen as a “high-energy pass ﬁlter”. It will
make sure that high-energy components will be decomposed
ﬁrst from the noisy signal. It implies that the ﬁnal decomposition level N should be increased if we want to recover
more energy. For denoising process, it means that the larger
threshold N is needed to ﬁlter out noise from the noisy signal
that has larger SNR. Third, different mono-components have
different frequency ranges. If the basis function of the AFD
is written by (4), it follows that

φn (t) < φn+1
(t), t ∈ [0, 2π].

(18)

It shows that the main frequency range of n-th monocomponent will increase when n increases [20]. From this
relationship, the proposed denoising method looks like a
“lowpass ﬁlter”. Therefore, the larger threshold N is needed
to ﬁlter out noise from the noisy signal whose corresponding
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original signal contains higher frequency components. These
three rules can be used to determine and adjust the threshold
of the denoising process of the AFD.
V. C ONCLUSION
In [12], we proposed the AFD-based denoising method for
ﬁltering out the additive Gaussian white noise from ECG
signals. This paper extends the method to the reduction of
two types of real noise from ECG signals. These two types
of real noise are added to the artifact and real ECG signals to
test the performance of the AFD-based denoising method. The
effectiveness of the AFD in ECG real noise denoising is shown
through the tests on the MIT-BIH Arrhythmia Database. The
AFD-based method mostly performs better than the methods
based on the Butterworth lowpass ﬁlter, the EMD and the
wavelet transform, showing that the AFD is a promising tool
for ECG signal denoising. Moreover, three basic rules about
how to choose and adjust the ﬁnal decomposition level of the
AFD are proposed, which can help users of the AFD-based
denoising method to get the optimal ﬁltered results.
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